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EACH TOPOLOGICAL GROUP EMBEDS INTO
A DUOSEPARABLE TOPOLOGICAL GROUP
TARAS BANAKH, IGOR GURAN, ALEX RAVSKY
Abstract. A topological group X is called duoseparable if there exists a countable set S ⊆ X such
that SUS = X for any neighborhood U ⊆ X of the unit. We construct a functor F assigning to each
(abelian) topological group X a duoseparable (abelian-by-cyclic) topological group FX, containing
an isomorphic copy of X. In fact, the functor F is defined on the category of unital topologized
magmas. Also we prove that each σ-compact locally compact abelian topological group embeds into a
duoseparable abelian-by-countable locally compact topological group.
Let us recall that a topological space is separable if it contains a dense countable subset. For
topological groups, the separability can be characterized as follows.
Theorem 1. For a topological group X the following conditions are equivalent:
(1) X is separable;
(2) X contains a countable subset S such that X = SU for any neighborhood U ⊆ X of the unit;
(3) X contains a countable subset S such that X = US for any neighborhood U ⊆ X of the unit;
(4) X contains a countable subset S such that X = USU for any neighborhood U ⊆ X of the unit.
In this theorem for two subsets A,B of a group X we write AB = {ab : a ∈ A, b ∈ B}. Theorem 1
(whose proof is left to the reader as an exercise) motivates the following definition, which is the main
new concept of this paper.
Definition 1. A topological group X is defined to be duoseparable if X contains a countable subset
S such that X = SUS for any neighborhood U ⊆ X of the unit.
It turns out that the duoseparability is not equivalent to the separability and moreover, each topo-
logical group X is a subgroup of some duoseparable topological group FX, which can be constructed
in a functorial way. In fact, the functor F acts in the category of unital topologized magmas, which is
much wider than the category of topological groups.
Following Bourbaki, by a magma we understand a set X endowed with a binary operation
· : X × X → X, · : (x, y) 7→ xy. A magma X is called unital if X contains a two-sided unit,
i.e., an element 1X ∈ X such that 1X · x = x · 1X = x for all x ∈ X. The element 1X is unique and is
called the unit of the unital magma.
A magma is a semigroup if its binary operation is associative. Unital semigroups are usually called
monoids.
A topologized magma is a topological space X endowed with a binary operation · : X ×X → X. A
topologized magma is called a topological magma if its binary operation · : X ×X → X is continuous.
Unital topologized magmas are objects of the category TM1 whose morphisms are continuous
functions f : X → Y between topologized magmas such that f(1X) = 1Y and f(x · y) = f(x) · f(y)
for all x, y ∈ X. Such functions f will be called continuous homomorphisms of unital topologized
magmas. It is clear that each (para)topological group is a unital topological magma.
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A bijective self-map α : X → X of a topologized magma X is called an automorphism of X if α and
α−1 are continuous homomorphisms. It is easy to see that the unit of a unital topologized magma is
a fixed point of any automorphisms of X. The set Aut(X) of automorphisms of a topologized magma
X is a group with respect to the operation of composition.
Definition 2. A unital topologized magma X is called
• left separable if X contains a countable subset S such that SU = X for any neighborhood
U ⊆ X of the unit;
• right separable if X contains a countable subset S such that US = X for any neighborhood
U ⊆ X of the unit;
• Roelcke separable if X contains a countable subset S such that (US)U = X = U(SU) for any
neighborhood U ⊂ X of the unit;
• duoseparable if X contains a countable subset S such that S(US) = X = (SU)S for any
neighborhood U ⊆ X of the unit.
The example of commutative topological monoid X = {0}∪ [1,∞) ⊂ R, endowed with the operation
of addition, shows that in topological monoids the separability is not equivalent to the duo (left, right,
or Roelcke) separability.
There exists a simple contruction of non-separable duoseparable unital topologized magmas, which
exploits the notions of absorbing subgroup and absorbing automorphism.
A subgroup H of the automorphism group Aut(X) of a unital topologized magma X is called
absorbing if X =
⋃
h∈H h(U) for every neighborhood U ⊆ X of the unit.
For a topologized magma X and a subgroup H ⊆ Aut(X), endowed with the discrete topology, the
semidirect product X ⋊H is the product X ×H endowed with the binary operation ∗ defined by
(x, f) ∗ (y, g) = (x · f(y), f ◦ g).
It is known (and easy to check) that the operation ∗ inherits many properties of the binary operation
· of X: if · is continuous, associative, has a unit or is a group operation, then so is the operation ∗. If
1X is the unit of the magma X, then the element (1X , 1H ) is the unit of the magma X ⋊H.
Proposition 1. Let X be a unital topologized magma and H be a countable subgroup of Aut(X). If
H is absorbing, then the semidirect product X ⋊H is a duoseparable unital topologized magma.
Proof. Identify X and H with the submagmas X×{1H} and {1X}×H inX⋊H. To see that the unital
topologized magma Y := X⋊H is duoseparable, it suffices to show that Y = (H ∗U)∗H = H ∗(U ∗H)
for any neighborhood U ⊆ Y of the unit. Given any element (x, h) ∈ Y , use the absorbing property
of the subgroup H to find g ∈ H such that x = g(u) for some u ∈ U ∩X. Then
((1X , g)∗(u, 1H ))∗(1X , g
−1h) = (g(u), g)∗(1X , g
−1h) = (x, g)∗(1X , g
−1h) = (x·g(1X), gg
−1h) = (x, h)
and
(1X , g) ∗ ((u, 1H ) ∗ (1X , g
−1h)) = (1X , g) ∗ (u · 1H(1X), 1Hg
−1h) = (1X , g) ∗ (u, g
−1h) = (x, h).
Consequently, Y = (H ∗ U) ∗H = H ∗ (U ∗H). 
An automorphism α of a unital topologized magma X is called absorbing if the cyclic subgroup
{αn}n∈Z generated by α in Aut(X) is absorbing. The latter means that X =
⋃
n∈Z α
n(U) for any
neighborhood U of the unit in X.
Observe that for any topological vector space X the automorphism α : X → X, α : x 7→ x + x, is
absorbing.
For an automorphism α of a topologized magma X, the semidirect product X ⋊α Z is the product
X × Z endowed with the binary operation ∗ defined by
(x, n) ∗ (y,m) = (x · αn(y), n +m).
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Here Z is the additive group of integer numbers, endowed with the discrete topology.
It is known (and easy to check) that the operation ∗ inherits many properties of the binary operation
· of X: if · is continuous, associative, has a unit or is a group operation, then so is the operation ∗.
If 1X is the unit of X, then the element (1X , 0) is the unit of the magma X ⋊α Z. The following
proposition can be proved by analogy with Proposition 1.
Proposition 2. If an automorphism α of a unital topologized magma X is absorbing, then the semidi-
rect product X ⋊α Z is a duoseparable unital topologized magma.
Next, we show that each unital topologized magma can be enlarged to a unital topologized magma
admitting an absorbing automorphism.
The construction of such an extension exploits the famous Hartman-Mycielski construction [4], [6].
For any topological space X, the Hartman-Mycielski space HM(X) consists of all functions f : [0, 1) →
X for which there is a sequence 0 = a0 < a1 < · · · < an = 1 such that for every i < n the restriction
f↾[ai, ai+1) is constant.
The space HM(X) carries the topology generated by the subbase consisting of the sets
N(U, a, b; ε) = {f ∈ HM(X) : λ
(
[a, b) \ f−1(U)
)
< ε}
where U is an open set in X, 0 ≤ a < b ≤ 1, ε > 0, and λ is the Lebesgue measure on [0, 1).
The construction HM determines a functor in the category of topological spaces and their continuous
maps. To each continuous map f : X → Y between topological spaces, the functor HM assigns the
map HMf : HM(X) → HM(Y ), HMf : γ 7→ f ◦ γ.
Any binary operation · : X×X → X induces the binary operation ∗ : HM(X)×HM(X) → HM(X),
∗ : (f, g) 7→ fg, where (fg)(t) = f(t) · g(t). It can be shown that the (separate) continuity of the
binary operation · implies the (separate) continuity of the binary operation ∗. Moreover, if the magma
(X, ·) has a unit 1X , then the constant map 1HM(X) : HM(X) → {1X} ⊂ X is the unit of the magma
(HM(X), ∗).
It is easy to see that for any continuous homomorphism h : X → Y between topologized magmas
the continuous map HMh : HM(X) → HM(Y ) is a homomorphism between the magmas HM(X) and
HM(Y ).
Therefore, the Hartman–Mycielski construction determines a functor HM in the category of (unital)
topologized magmas.
For every unital topologized magma X with unit 1X , consider the subspace
HM0(X) = {f ∈ HM(X) : f(0) = 1X}
in the Hartman–Mycielski space HM(X). Observe that for any continuous homomorphism f : X → Y
between unital topologized magmas, we have HMf(HM0(X)) ⊂ HM0(Y ), which allows us to consider
HM0 as a functor HM0 : TM1 → TM1 in the category TM1 of unital topologized magmas.
For any unital topologized magma X, consider the homomorphism iX : X → HM0(X) assigning to
each x ∈ X the function ix : [0, 1) → {x, 1X} ⊂ X such that i
−1
x (1X) = [0,
1
2) and i
−1
x (x) = [
1
2 , 1).
It is easy to see that the map iX is a topological embedding and the maps iX compose a natural
transformation of the identity functor to the functor HM0. Therefore, we obtain the following useful
fact.
Proposition 3. Every unital topologized magma X is topologically isomorphic to a submagma of the
unital topologized magma HM0(X).
Let s : [0, 1) → [0, 1) be the homeomorphism of the half-interval [0, 1) defined by s(t) = t2. For
every unital topologized magma X, the homeomorphism s induces the automorphism
αX : HM0(X)→ HM0(X), αX : γ 7→ γ ◦ s,
of the unital topologized magma HM0(X).
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The automorphism αX is natural in the sense that for any continuous homomoprhism h : X → Y
between unital topologized magmas, the following diagram commutes.
HM0(X)
HM0h //
αX

HM0(Y )
αY

HM0(X)
HM0h
// HM0(Y )
Proposition 4. For any unital topologized magma X, the automorphism αX of HM0(X) is absorbing.
Proof. Let U be any neighborhood of the unit in HM0(X). By the definition of the topology on HM(X),
there exists a neighborhood V1 of the unit 1X in X and ε > 0 such that {f ∈ HM0(X) : λ(f
−1(V1)) >
1 − ε} ⊆ U . Given any f ∈ HM0(X), we should find n ∈ Z such that the function α
n
X(f) = f ◦ s
n
belongs to the neighborhood U . Since f ∈ HM0(X), there exits a positive real number b < 1 such
that f([0, b)) = {1X} ⊆ V1. Find n ∈ N such that (1 − ε)
n < b. Then for any t ∈ [0, 1 − ε), we have
f ◦ sn(t) ∈ f([0, b)) ⊆ V1 and hence the set (f ◦ s
n)−1(V1) ⊇ [0, 1 − ε) has Lebesgue measure > 1− ε.
Then f ◦ sn ∈ U . 
Propositions 2, 3 and 4 imply our main result:
Theorem 2. For any unital topologized magma X, the semidirect product HM0(X) ⋊αX Z is a du-
oseparable unital topologized magma, containing an isomorphic copy of X.
If X is a topological group, then so is HM0(X) and HM0(X) ⋊αX Z. This observation, combined
with Theorem 2, implies the following corollaries.
Corollary 1. For any topological group X, the topological group HM0(X) ⋊αX Z is duoseparable and
contains an isomorphic topological copy of X.
Corollary 2. Every topological group is topologically isomorphic to a subgroup of a duoseparable
topological group.
It is easy to see that an abelian commutative topological group is separable if and only if it is du-
oseparable, so we cannot embed any abelian topological group into a duoseparable abelian topological
group.
A topological group G is called abelian-by-countable (resp. abelian-by-cyclic) if G contains a closed
normal subgroup H such that the quotient group G/H is countable (resp. cyclic). Observing that
for any abelian topological group X, the topological group HM0(X) is abelian and HM0(X) ⋊αX Z is
abelian-by-cyclic, we obtain the following embedding result.
Theorem 3. Every abelian topological group is topologically isomorphic to a subgroup of a duoseparable
abelian-by-cyclic topological group.
Problem 1. Can any each compact topological group be embedded into a duoseparable locally compact
topological group?
Let us observe that for compact topological groups the duoseparability is equivalent to the separa-
bility.
Proposition 5. A compact topological group is duoseparable if and only if it is separable.
Proof. The “if” part is trivial. To prove the “only if” part, assume that G is duoseparable and find a
countable subgroup S ⊆ G such that G = SUS for any neighborhood U ⊆ G of the unit. We claim
that the subgroup S is dense in G and hence G is separable. In the opposite case, the closure S¯ of
S is a proper closed subgroup of G. Fix any point x ∈ G \ S¯ and using the compactness of the set
S¯ = S¯ · 1G · S¯, find a neighborhood U ⊆ G of 1G such that S¯ · U · S¯ ⊆ G \ {x}. Then SUS ⊆ S¯US¯
cannot be equal to G, which is a desired contradiction. 
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Proposition 6. Each duoseparable locally compact topological group G is σ-compact.
Proof. The duoseparability of G yields a countable subset S ⊆ G such that G = SUS for any neighbor-
hood U of the unit in G. By the local compactness, the unit 1G has a neighborhood U with compact
closure U in G. Then the space G = SUS =
⋃
x,y∈S xUy is σ-compact. 
The following theorem resolves the “abelian” case of Problem 1.
Theorem 4. Each σ-compact locally compact abelian topological group is topologically isomorphic to
a subgroup of a duoseparable abelian-by-countable locally compact topological group.
Proof. We divide the proof of Theorem 4 into a series of lemmas.
Lemma 1. For any n ∈ N, ε > 0, and vectors x1, . . . , xn ∈ R
2n, there exists a matrix A ∈ SL(2n,Z)
such that xiA ∈ [−ε, ε]
n × Rn for every i ∈ {1, . . . , n}.
Proof. Let m = 2n and for every i ∈ {1, . . . , n} write the vector xi ∈ R
2n = Rm in coordinates as
xi = (xi1, . . . , xim). Consider the n×m matrix X = (xij). A column of a matrix will be called small
if all its entries have absolute value at most ε. Let k be the maximal number of small columns in
a matrix XA, where A ∈ SL(m,Z). Fix a matrix A ∈ SL(m,Z) such that XA has k many small
columns. Composing A with a suitable coordinate permuting matrix, we can additionally assume that
the small columns of the matrix XA coincide with its first k columns.
We claim that k ≥ n. To derive a contradiction, assume that k < n and hence l := m− k > n. Let
y1, . . . , yl be the last l columns of the matrix XA. After transposition, each column yi becames a row
yTi that belongs to the space R
n.
Pick a positive integer M such that the maximal absolute value of any element of the matrix XA
does not exceed Mε. Pick an arbitrary positive integer K > (2lM)n and consider the map
f : {−K, . . . ,K}l → Rn, f : (d1, . . . , dn) 7→
l∑
i=1
diy
T
i .
Since each l-tuple d = (d1, . . . , dl) ∈ {−K, . . . ,K}
l has maxi |di| ≤ K and all entries of columns yi
have absolute value at most Mε, each coordinate of the vector f(d) is at most lKMε. Therefore
the image f({−K, . . . ,K}l) can be covered by (2lKM)n closed axis-parallel cubes with side ε. Since
|{−K, . . . ,K}l| = (2K + 1)l > (2K)n+1 > (2lKM)n, there exist two distinct elements d′ and d′′ of
{−K, . . . ,K}l such that each coordinate of the vector y = f(d′) − f(d′′) = f(d′ − d′′) has absolute
value at most ε. Put d = d′ − d′′. Dividing the elements of the l-tuple d by their greatest common
divisor, if needed, we can assume that the greatest common divisor of the entries of d is 1. By [9]1,
there exists a matrix D ∈ SL(l,Z) whose last column coincides with dT . Put B =
(
I 0
0 D
)
, where
I is the k × k identity matrix. Then the last column of the matrix XAB is small, whereas its first k
columns are the same as in the matrix XA and hence are small, too. Consequently, the matrix XAB
has more than k small columns, which contradicts the definition of the number k. This contradiction
shows that k ≥ n and hence xiA ⊂ [−ε, ε]
k × Rn−k ⊆ [−ε, ε]n × Rn for all i ∈ {1, . . . , n}. 
Let T = R/Z denote the torus group.
Lemma 2. For any finite set F ⊂ Tω and any neighborhood U ⊆ Tω of zero there exists an automor-
phism α of Tω such that α(F ) ⊂ U .
Proof. Consider the quotient homomorphism q : Rω → Rω/Zω = Tω and observe that q−1(U) is a
neighborhood of zero in Rω. Choose a finite set F ′ ⊂ Rω of cardinality |F ′| = |F | such that q(F ′) = F .
1See also https://kconrad.math.uconn.edu/blurbs/ringtheory/primvector.pdf
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By definition of the Tychonoff product topology on Rω, there exists a finite set D ⊂ ω and ε > 0
such that pr−1D ([−ε, ε]
D) ⊂ q−1(U), where prD : R
ω → RD, prD : x 7→ x↾D, stands for the natural
projection. Replacing D by a larger set, we can assume that |D| ≥ |F ′|. By Lemma 1, there exists
an automorphism A of Rω such that A(Zω) = Zω and A(F ′) ⊂ pr−1D ([−ε, ε]
D) ⊂ q−1(U). Since
A(Zω) = Zω, the authomorphism A induces a unique automorphism α of Tω such that α ◦ q = q ◦ A.
Then
α(F ) = α ◦ q(F ′) = q ◦ A(F ′) ⊂ q(q−1(U)) = U.

Lemma 3. There exists a countable subset A ⊂ Aut(Tω) such that for any finite set F ⊂ Tω and any
neighborhood U ⊆ Tω of zero there exists an automorphism α ∈ A of Tω such that F ⊂ α(U).
Proof. Fix a countable neighborhood base {Un}n∈ω of zero in the compact topological group T
ω such
that Un+1 ⊆ Un for all n ∈ ω. For every n ∈ ω and every x ∈ (T
ω)n, apply Lemma 2 and find an
automorphism αx of T
ω such that {x(i)}i∈n ⊂ αx(Un). Observe that for every x ∈ (T
ω)n the setWn =
{y ∈ (Tω)n : {y(i)}i∈n ⊂ αx(Un)} is an open neighborhood of x. By the compactness of (T
ω)n, the
open cover {Wx : x ∈ (T
ω)n} has a finite subcover. Consequently, there exists a finite set En ⊂ (T
ω)n
such that (Tω)n =
⋃
x∈En
Wn. Consider the finite set of automorphisms An = {αx : x ∈ En} and
observe that for any set F ⊂ Tω of cardinality |F | ≤ n there exists an automorphism α ∈ An such
that F ⊂ α(Un). Then the countable set A =
⋃∞
n=1An ⊂ Aut(T
ω) has the required property. 
Lemma 4. For any infinite cardinal κ, the automorphism group Aut(Tκ) of the compact topological
group Tκ contains a countable absorbing subgroup.
Proof. Since κ is infinite, we can identify Tκ with (Tω)κ. By Lemma 3, there exists a sequence of
automorphisms {αn}n∈ω ⊂ Aut(T
ω) such that for every finite set F ⊂ Tω and any neighborhood
U ⊆ Tω of zero, there exists n ∈ ω such that F ⊂ αn(U). Each automorphism αn induces the
automorphism
α˜n : (T
ω)κ → (Tω)κ, α˜n : (xi)i∈κ 7→ (αn(xi))i∈κ,
of the compact topological group (Tω)κ. We claim that the countable set A = {α˜n}n∈ω ⊂ Aut
(
(Tω)κ
)
generates an absorbing subgroup 〈A〉 of Aut((Tω)κ).
Fix any neighborhood of zero U ⊆ (Tω)κ and any point x = (xi)i∈κ ∈ (T
ω)κ. By the definition of
the Tychonoff product topology, there exists a finite set F ⊂ κ and a neighborhood V ⊆ Tω of zero
such that U ⊇ pr−1F (V
F ) where prF : (T
ω)κ → (Tω)F , prF : x 7→ x↾F , is the natural projection. The
choice of the sequence {αn}n∈ω guarantees that for the finite set {x(i)}i∈F ⊂ T
ω there exists n ∈ ω
such that {x(i)}i∈F ⊂ αn(V ). Then prF (x) ∈ (αn(V ))
F and x ∈ α˜n(pr
−1
F (V
F )) ⊆ α˜n(U). Therefore,
(Tω)κ =
⋃
n∈ω α˜n(U) =
⋃
α∈〈A〉 α(U), which means that the subgroup 〈A〉 is absorbing. 
Lemma 5. For any infinite cardinal κ, the compact topological group Tκ embeds into a duoseparable
locally compact abelian-by-countable topological group.
Proof. By Lemma 4, the automorphism group Aut(Tκ) contains a countable absorbing subgroup H ⊆
Aut(Tκ). Endow H with the discrete topology and observe that the semidirect product Tκ ⋊ H is
a locally compact abelian-by-countable topological group. By Proposition 2, the topological group
T
κ
⋊H is duoseparable. 
Lemma 6. Each σ-compact locally compact abelian group G embeds into the product Rn×Tκ×H for
suitable n ∈ ω, cardinal κ and countable discrete group H.
Proof. By the Principal Structure Theorem 25 for LCA-groups in [7], G contains an open subgroup
G0, which is isomorphic to R
n × K for some n ∈ ω and some abelian compact topological group
K. By Theorem 14 in [7], the compact abelian topological group K admits a continuous injective
homomorphism K → Tκ for a suitable cardinal κ. Then the locally compact group G0 ∼= R
n × K
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admits a homomorphism h : G0 → R
n×Tκ, which is a topological embedding. Since the group Rn×Tκ
is divisible, the homomorphism h extends to a homomorphism h¯ : G → Rn × Tκ (see Proposition 17
in [7]). The homomorphism h¯ is continuous because it has continuous restriction h¯↾G0 = h to the
open subgroup G0 of G. The σ-compactness of the topological group G implies the σ-compactness
of the quotient group G/G0. Being discrete and σ-compact, the topological group H = G/G0 is
countable. Let q : G → G0 be the quotient homomorphism. Then (h¯, q) : G → (R
n × Tκ) × H,
(h¯, q) : x 7→ (h¯(x), q(x)), is the required isomorphic embedding of G into the product Rn×Tκ×H. 
Observing that the product of duoseparable (abelian-by-countable) topological groups is duosepa-
rable (and abelian-by-countable), we see that Theorem 4 follows from Lemmas 5 and 6. 
Corollary 2 has an interesting application to constructing duo narrow topological groups which
are not narrow. The narrowness is a “countable” modification of the precompactness, whose various
versions are defined as follows.
Definition 3. A unital topologized magma X is called
• precompact if for any neighborhood U ⊆ X of the unit there exists a finite subset S ⊆ X such
that SU = X = US;
• left precompact if for any neighborhood U ⊆ X of the unit there exists a finite subset S ⊆ X
such that SU = X;
• right precompact if for any neighborhood U ⊆ X of the unit there exists a finite subset S ⊆ X
such that US = X;
• duo precompact if for any neighborhood U ⊆ X of the unit there exists a finite subset S ⊆ X
such that (SU)S = X = S(US);
• Roelcke precompact if for any neighborhood U ⊆ X of the unit there exists a finite subset
S ⊆ X such that (US)U = X = U(SU).
For topological groups we have the following equivalence (see [11, 15.81] or [3, 4.3]).
Theorem 5. For a topological group X the following conditions are equivalent:
(1) X is precompact;
(2) X is left precompact;
(3) X is right precompact;
(4) X is duo precompact;
(5) X embeds into a compact topological group.
The Roelcke precompactness is not equivalent to the precompactness because of the following fun-
damental result of Uspenski [11] (which nicely complements our Corollary 2).
Theorem 6 (Uspenskij). Each topological group embeds into a Roelcke precompact topological group.
Replacing the adjective “finite” in Definition 3 by “countable”, we obtain various modifications of
the narrowness.
Definition 4. A unital topologized magma X is called
• narrow if for any neighborhood U ⊆ X of the unit there exists a countable subset S ⊆ X such
that SU = X = US;
• left narrow if for any neighborhood U ⊆ X of the unit there exists a countable subset S ⊆ X
such that SU = X;
• right narrow if for any neighborhood U ⊆ X of the unit there exists a countable subset S ⊆ X
such that US = X;
• duo narrow if for any neighborhood U ⊆ X of the unit there exists a countable subset S ⊆ X
such that (SU)S = X = S(US);
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• Roelcke narrow if for any neighborhood U ⊆ X of the unit there exists a countable subset
S ⊆ X such that (US)U = X = U(SU).
Narrow topological groups were introduced by Guran [5] who proved that a topological group is
narrow if and only if it embeds into a Tychonoff product of second-countable topological groups. In
[5] and [1, 10] narrow topological groups are called ω-bounded and ω-narrow, respectively. By Lemma
3.31 in [8], a topological group X is narrow if and only if for any neighborhood U ⊆ X of the identity
there exist a countable set C ⊆ X and a finite set F ⊆ X such that CUF = X.
For topological groups the properties introduced in the Definitions 2, 3, 4 relate as follows.
duoseparable

left separableks ks +3

separable ks +3

right separable ks +3

Roelcke separable

duo narrow left narrow ks +3ks narrow ks +3 right narrow +3 Roelcke narrow
duo precompact
KS
ks +3
KS
left precompact ks +3
KS
precompact ks +3
KS
right precompact +3
KS
Roelcke precompact
KS
Looking at Theorem 5, it is natural to ask if the narrowness is equivalent to the duo narrowness.
But this is not true.
Example 1. Take any nonseparable Banach space H, and consider the absorbing automorphism α :
H → H, α : x 7→ x + x, and the semidirect product X = H ⋊α Z. By Proposition 2, the topological
group X is duoseparable and hence duo narrow but it is not narrow (as the narrowness is inherited by
subgroups).
There exists an interesting property generalizing both the precompactness and the separability.
Definition 5. A unital topologized magma X is called preseparable if there exists a countable subset
S ⊆ X such that for any neighborhood U ⊆ X of the unit there exists a finite set F ⊆ X such that
X = S(UF ) = (SU)F = F (US) = (FUS).
It is is clear that a topological group X is preseparable if it is separable or precompact. More
generally, X is preseparable if it contains a separable closed normal subgroup H ⊆ X whose quotient
group X/H is precompact.
By Lemma 3.31 in [8], each preseparable abelian topological group is narrow. On the other hand,
the Tychonoff power Rc
+
of c+ many copies of the real line is an example of an abelian topological
group which is narrow but is not preseparable.
Therefore, we have the following implications holding for every topological group.
precompact +3 preseparable

separableks
narrow
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